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The separation of a binary mixture, using a third component having intermediate
adsorptivity as desorbent, in a four section countercurrent adsorption separation
unit is considered. A procedure for the optimal and robust design of the unit is
developed in the frame of Equilibrium Theory, using a model where the adsorption
equilibria are described through the constant selectivity stoichiometric model, while
mass-transfer resistances and axial mixing are neglected.

By requiring that the unit achieves complete separation, it is possible to identify
a set of implicit constraints on the operating parameters, that is, the flow rate ratios
in the four sections of the unit. From these constraints explicit bounds on the
operating parameters are obtained, thus yielding a region in the operating parameters
space, which can be drawn a priori in terms of the adsorption equilibrium constants
and the feed composition.

This result provides a very convenient tool to determine both optimal and robust
operating conditions. The latter issue is addressed by first analyzing the various
Dpossible sources of disturbances, as well as their effect on the separation performance.
Next, the criteria for the robust design of the unit are discussed. Finally, these
theoretical findings are compared with a set of experimental results obtained in a
six port simulated moving bed adsorption separation unit operated in the vapor

Dphase.

Introduction

The possibility of separating a fluid mixture by exploiting
the adsorption selectivity of a suitably chosen adsorbent solid
can most conveniently be put into practice in a countercurrent
apparatus based on displacement chromatography. The scheme
of a true countercurrent (TCC) unit of this kind is presented
in Figure 1. With reference to a binary mixture to be separated,
which constitutes the feed stream to the unit, the most ad-
sorbable component is collected from the extract stream,
whereas the least adsorbable one is collected from the raffinate
stream.

Since countercurrent operation technology is attractive un-
der several aspects (cf. Ruthven, 1984), the simulated moving
bed (SMB) technology has been developed in order to overcome
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the difficulties connected with the movement of the solid phase.
In SMB units the solid beds are fixed and their continuous
movement is simulated by a discrete movement obtained by
shifting the feed and withdrawal points at discrete times along
the column axis in the same direction as the fluid flow. In
order to closely mimic the countercurrent apparatus, the four
sections of the separation unit are divided in several subsec-
tions. A scheme of the SMB unit, which corresponds to the
well-known Sorbex process developed by UOP (Broughton and
Gerhold, 1961), is shown in Figure 2. Several applications of
this process have been studied in the literature, in most cases
considering units with a large number of subsections (ports)
operating in the liquid phase, for example, Hashimoto et al.
(1983); Ching and Ruthven (1985); Ching et al. (1985); Johnson
(1989); Balannec and Hotier (1992). More recently an appli-
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Figure 1. Four section true countercurrent (TCC) unit
for adsorption separation.

cation of this technology to the separation of a xylene mixture
on KY Zeolites using a SMB pilot plant with only six ports
and operating in the vapor phase has been reported by Storti
et al. (1992).

In all cases, the equivalence between SMB and TCC units
has extensively been exploited in order to model and design
the adsorption separation unit (see Ruthven and Ching, 1989,
for an extensive review on the subject). It must be pointed out
that the stationary regime of a SMB unit is a cyclic steady
state, in which each section undergoes a transient during each
time period between two valve switches. It follows that the
corresponding model is time dependent. On the contrary, the
stationary regime of a true countercurrent apparatus is time
independent, yielding a mathematical model much simpler than
the previous one. Accordingly, extensive use of countercurrent
models to simulate SMB units has been done (cf., Hashimoto
et al., 1983; Ching and Ruthven, 1985; Storti et al., 1989).

The successful design and operation of countercurrent sep-
aration units depends upon the correct selection of the oper-
ating conditions and, in particular, of the flow rates in each
section. Because of the complicated behavior of these units,
such a selection is not easy and a trial-and-error procedure
based on some more or less detailed model of the unit is not
advisable. Accordingly, several procedures have been proposed
in the literature to guide the optimal design of these units. In
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Figure 2. Simulated moving bed (SMB) unit for adsorp-
tion separation (Sorbex), having port distri-
bution 5-1-3-3.

general, these are based on some simplified model, whose
solution provides explicit expressions for the optimal operating
parameters. Some of these earlier procedures, based on the
approximation of the unit as a sequence of stages and then on
the application of a McCabe-Thiele-like analysis, have been
reviewed by Ruthven (1984), and used by Ching et al. (1985).
An alternative approach is based on the equilibrium theory
model which takes into account the nonlinearity of the ad-
sorption equilibrium isotherm, whereas it neglects the effect
of axial mixing and mass transport resistances (Storti et al.,
1989). This model has provided a very useful tool for the
qualitative simulation of countercurrent separation units, since
in many applications the unit behavior is mostly determined
by the properties of the adsorption equilibria.

With reference to the generic jth section shown in Figure 3
and considering a binary system (besides the desorbent), the
equilibrium theory model is constituted of the following set
of first-order hyperbolic partial differential equations:

= [6 yi+(1-€ )00’]+(l—ep)0 [m,y, 81=0
(i=1,...,NC), (1)
where
§{=f(y) (i=1,...,NC), @
with boundary conditions:
Yi(r, =" (i=1,...,NC)
8ir, D=(0)" @i=1,...,NC)
Y0, x)=()° (i=1,...,NC), 3
AIChE Journal



Ug 6b
< < e
y@ u
—_—_— _— ———>
0 --> X 1

Figure 3. Generic section of a true continuous coun-
tercurrent unit.

where y; and 0; represent the fluid and adsorbed phase con-
centrations, respectively, while all the other quantities are de-
fined in the Notation. It is worth noticing the different
formulation of Egs. 1 to 3 with respect to Egs. 1 to 6 in Storti
et al., (1989), where a minor error in the position of one of
the BC’s was present: in that article the condition {=1 should
read {=1/(1 — w¢,), wherever it appears.

In the case of a countercurrent unit with four sections (that
is, j=1, ..., 4), four systems of equations, as Eqgs. 1 to 3
above, must be considered, together with boundary conditions
that take into account the proper links between neighboring
columns. From the equations above it is readily seen that as
far as steady-state conditions are concerned, the key design
parameters as determined by equilibrium theory are the net
mass flow rate ratios m;, defined as the ratio between the net
fluid mass flow rate and the adsorbed phase mass flow rate
in each section of the unit:

___ net fluid flow rate ;0 — Us€,0y @
;= adsorbed phase flow rate  #,p,I™ (1—¢,)’

where the net fluid flow rate is evaluated as the difference
between the fluid flow rate and the backmixed portion of it,
due to the fluid carried by the solid inside the macropores.
The design problem is then reduced to the estimation of the
m; values which optimize the separation performance. In par-
ticular, in the next section we illustrate the procedure for es-
timating the m; values which lead to complete separation.

Complete Separation Operating Conditions

In a four section countercurrent adsorption separation unit,
the conditions to be imposed on the operating parameters in
order to achieve complete separation of the feed components
can be easily expressed in terms of the net flow rates of the
components to be separated in each section of the unit. The
net flow rate of the ith component in the jth section is pro-
portional to the quantity £/, given by fi=m,y/ - 6/. To achieve
compilete separation of a three-component system, the net flow
rates of component A, the most adsorbable one, must be such
that it is conveyed to the extract outlet, whereas component
B, the least adsorbable one, must be conveyed to the Raffinate
outlet (cf. Ching et al., 1985) (see Figure 1). From these con-
siderations and the definition of fJ, it is seen that in terms of
net flow rate ratios the following conditions must be fulfilled:
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Section 1:  m;>04/yy, m>05/vh

Section 2:  63/yi<m, <04/
Section 3: 03/yy<my<6,/y)
Section 4:  m,<04/%%, my<04/v5. 3

In the case of a linear adsorption isotherm, 6,=Kyy;, the
above conditions can readily be made explicit, so as to obtain
the following constraints on the net flow rate ratios:

K,<m <o
K8<m2<KA
Kzy<m<K,

%
a(l—e,,)<m4<KB' (6)

These inequalities define a region in the four-dimensional space
having the operating parameters m,, m,, m; and m, as coor-
dinates, whose points represent operating conditions corre-
sponding to complete separation. It is noteworthy that these
conditions, and therefore the mentioned domain, depend nei-
ther on the composition of the feed to be separated nor on the
adsorptivity of the desorbent.

Let us consider the two central sections of the Sorbex unit,
which have a crucial role in the separation performance of the
unit. Since m, must be greater than m,, so as to have a positive
feed flow rate, the constraints (Eq. 6) on m, and m, can be
rewritten as follows:

Kg<my<m;<K,. ©)

These inequalities define the projection onto the m, ~ m, plane
of the four-dimensional region of complete separation men-
tioned above. It is worth noticing that the obtained projection
is particularly useful for applications since it does not depend
on the net flow rate ratios in sections 1 and 4. Accordingly,
it can be concluded that any pair of m,— m;, values which lies
within the triangular region in the m,—m; plane in Figure 4
leads, in the framework of equilibrium theory, to complete
separation performance.

The usefulness of relationships (Eq. 6) above, particularly
in bulk separation processes, is limited by the presence of two
phenomena, that is, the competition towards adsorption among
the species in the fluid phase and the limitation of the overall
adsorbable mass, when the adsorbent approaches saturation
conditions. Both these phenomena are ignored by the linear
equilibrium model, whereas a much better description is of-
fered by the so called constant selectivity, stoichiometric model:

K.y

0= e
" TSKy;

®

Using the nonstoichiometric version of the constant selectivity
model—where a further term equal to one appears in the de-
nominator—Rhee et al. (1971), have obtained the analytic so-
lution of the single section model in Egs. 1 to 3. This important
result provides the basis for all the design procedures for coun-
tercurrent units to be described in the following.
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Figure 4. Complete separation region in the m,—m,
plane for a linear system: K,=1.5, Kz=0.5.

In particular, with reference to the equilibrium model (Eq.
8), Storti et al. (1989), have developed the analytical expres-
sions of the boundaries of the region in the m-space corre-
sponding to complete separation operation. Contrary to Eqs.
6 and 7 these expressions are reported in implicit form, that
is, the boundaries depend not only on the equilibrium param-
eters but also on the net flow rate ratios in the neighboring
sections. As a consequence the shape of the complete sepa-
ration region in the m,— m, plane is expected to become more
complex than the single triangle shown in Figure 4.

The aim of this work is to derive explicit expressions for the
boundaries of the complete separation region in the m,—m,
plane in the case where the constant selectivity, stoichiometric
model (Eq. 8) is considered. Our analysis is limited to the case
of binary separation, that is, three-component systems, in which
the desorbent has intermediate adsorptivity with respect to
those of the two components to be separated. Nevertheless,
this is the case of greatest applicative interest. The results we
present require some mathematical derivations in the frame-
work of Equilibrium Theory, which might be of limited interest
from the strict engineering point of view. Therefore, they have
been condensed and the important details have been confined
in the Appendices at the end of the article. Mathematical details
of the derivations are provided in the third and sixth sections.
In the subsequent sections, the final relationships for optimal
and robust design of the unit are reported and their application
is discussed in connection with the operation of a SMB pilot
plant.

1t is worth stressing that the obtained result is very useful
in applications when dealing with these complicated separation
units. Namely, the possibility of a priori drawing the region
of complete separation allows us not only to avoid a rather
cumbersome trial-and-error design procedure but also to ad-
dress.the important issue of design robustness. By this we mean
the ability of the designed unit to keep operating within the
region of optimal separation, even though the system char-
acteristics change in time with respect to the original nominal
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values. This may be the consequence of changes in the prop-
erties of the adsorption system due to the aging of the adsor-
bent, or it may originate from a poor control of the operating
conditions, for example, the flow rates of the relevant streams.
A clear and explicit knowledge of the complete separation
region allows us to locate the operating conditions of the unit
sufficiently away from the critical boundaries so that its per-
formance remains satisfactory (that is, corresponding to com-
plete separation) even in the presence of the system disturbances
mentioned above.

Single Section

With reference to Storti et al. (1989), we report in the fol-
lowing the solution of the problem in Egs. 1 to 3 in terms of
the steady-state concentration profiles in a single column for
a three component system.

For three-component stoichiometric systems the theory es-
tablishes a one-to-one mapping between the space of fluid or
solid concentrations, y or 8, and a two-dimensional space whose
coordinates are two positive real parameters, {, and Q,. Given
an adsorbed phase composition, or the corresponding equilib-
rium fluid phase composition, the Q values are obtained as
roots of the following quadratic equation:

®

as:

(10

It follows that the fluid phase and the corresponding equilib-
rium adsorbed phase have different compositions, but they
share the same pair of Q values.

Both the concentration space and the space @ have dimension
two, since the concentrations of only two components, A and
B, are enough to fully characterize a stoichiometric system. If
the /th component is not present in the state under consider-
ation, that is, 6,=0, then Eq. 9 becomes a linear equation with
only one root and the other Q value is given by K. Furthermore,
since the following inequalities hold:

Kp=Q=Kp<Q=<K,, an
the space of the  values can be seen as the set of ordered pairs
@, @), with 0<Q,<Q,.

Equation 9 produces the Q values for a given composition,
whereas the inverse relationships, which give the concentra-
tions in terms of the @ pair, are given by the following rela-
tionships (Rhee et al., 1989; Storti et al., 1989):

g o Ka= D) (K- )
47 (Ks—Kp) (K4 —Kp)

_ (K5~ 0) (Ks= )
(Ks—K.) (K5~ Kp)

05
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The motivation for introducing the space 2 is that the com-
plete solution of the problem under examination can be ob-
tained most conveniently in terms of © values. In the physical
space x — 7, the solution is constituted of a number of constant
states separated by transitions, which can be continuous (called
simple waves) or discontinuous (called shock waves). Only one
Q value can change across each transition, and whether it
increases or decreases through it determines the character of
the transition itself.

Given the inlet fluid phase and adsorbed phase compositions
(»? and 6% in Eq. 3 and in Figure 3) two points in the space ©
are obtained with coordinates (2¢, 2% and (Q%, 09). These are
shown in Figure 5 together with the point representing the
intermediate state c(Q4, 29). The two segments b—c and c—a
have the transitions connecting the three states mentioned above
as counterparts in the physical space. The transition between
state @ and state c is a shock wave if 25> Q4 and a simple wave
if Q2< Q¢ the transition between state ¢ and state b is a shock
wave if Q/>Qf and a simple wave if Q< Q{. After the com-
pletion of the transient, the fluid and adsorbed phases, in
equilibrium with each other, exhibit constant composition in
the entire column. This corresponds to a constant state in the
space @, which can be selected by a proper choice of the flow
rate ratio m as follows:

* The inlet fluid state @ characterized by the Q pair (21, Q3).
¢ The intermediate constant state ¢ characterized by the Q
pair (¢, Q2.
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e The inlet solid state b with the Q values (2%, 93).

¢ The state (2¢, ©), with (R5<Q<Q9), if the transition c—a
is a simple wave.

© The state (2, 02), with (2 <Q<Q9), if the transition b—c
is a simple wave.

The analytical relationships for the boundaries of the regions
of m values producing the different constant states above are
discussed in detail by Rhee et al. (1971) and by Storti et al.
(1989). Once the constant state present in the column is known,
the compositions of the two outlet streams are determined by
single component material balances at the right and left ends
of the column. By doing so, we allow the appearance of a
discontinuity at either end, which is called boundary discon-
tinuity (Rhee et al., 1971). It is also worth pointing out that
the solid and fluid streams at the same end of the column are
not at equilibrium, being related only by a conservation law.

We can now introduce the following result, which can be
stated for a generic NC-component system and which is needed
in the following:

Theorem 1. Let us consider a NC-component stoichio-
metric system and let Q° and Q° be the (NC-1)-dimensional
vectors characterizing the composition of the fluid and solid
streams entering a countercurrent adsorption column.

The components of the Q vectors characterizing the states
corresponding to the two outgoing fluid and solid streams and
the constant state inside the column at steady-state conditions
are such that:
min{Q¢, @’} <Q<max{Q? Q) (=1,...,NC-1). (13)

Furthermore, if the constant state corresponding to the inlet
stream at one end of the column and the one prevailing inside
the column at steady state have one of the elements of the
corresponding Q vectors which are equal, say Q, then Q* is
also one of the components of the Q vector characterizing the
outlet stream at the same end of the column.

The proof of this theorem is given in Appendix A.

The Four-Section Countercurrent Separation Unit

A schematic representation of the four-section countercur-
rent separation unit under the requirement of complete sep-
aration can be given in terms of the @ values characterizing
each stream, as shown in Figure 6. Notice that the pure de-
sorbent stream is characterized by the pair (K, K,) and that,
according to the condition in Eq. 11, the state corresponding
to the Extract is characterized by Q,= K5, while the one cor-
responding to the Raffinate is characterized by Q,=K,. In the
feed stream, the desorbent is absent, hence one of the Q values
must be equal to Kj,. The other € value is obtained by solving
Eq. 10 with y,= 7, that is:

KAKB

Qp=——————
4 K. yi+Keyh

4

which can be either smaller or greater than Kj,.

We can now proceed to identify the pair (2,, ©,), indicated
in Figure 6 for each section of the unit, which corresponds to
the constant state prevailing in the section at steady state. As
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Figure 6. Four section separation unit, with the indi-
cation of the Q values satisfying the necessary
and sufficient conditions to fulfill the require-
ment of complete separation.

mentioned above, the specific values of the @ parameters de-
pend upon the value of the flow rate ratio in each section.
However, a limitation of genera! validity on the range of the
admittable Q values inside the four section separation unit is
given by the following theorem, which, similarly to theorem
1, is proved for a NC-component system in Appendix B.

Theorem 2. Let us consider the NC-component feed and
desorbent streams entering a four section unit and let @ and
QP be the (NC— 1)-dimensional vectors characterizing the
composition of the two streams.

Whatever the compositions of the two streams are, it follows
that every state that can be achieved within the four section
separation unit at steady-state conditions (including the out-
going Extract and Desorbent streams) is characterized by a
set of Q values such that:
min{Qf, 0P} <Q;=max{Qf, @?} (@=1,..., NC-1). (15)

Thus Eq. 15 allows us to identify, based only on the com-
positions of the two incoming streams, a region in the § space
which must contain all the points characterizing the compo-
sition of the states in the unit. In the particular case of a three-
component system, it follows that all the states present in the
unit are represented by points lying within the rectangle with
vertices F and D in the plane Q, —Q,, shown in Figures 7a and
7b in the case where Q<K or Qr>K), respectively. The
dashed area in the same figures represent points corresponding
to states that, according to this theorem, cannot be reached
by the streams within the separation unit, even though they
fulfill the inequalities in Eq. 11 deriving from their definition.

We can now determine the states in the four sections com-
patible with the requirement of complete separation operation,
as shown in Figure 6. This further reduction of the region of
admittable states previously determined through Eq. 15 is due
to the interaction among the four columns. In particular, the
following complete separation proposition is proved in Ap-
pendix C for a three-component stoichiometric system with an
intermediate desorbent:

Theorem 3 (Complete Separation Proposition). Necessary
and sufficient condition to obtain complete separation is that
the constant states prevailing in each section are those reported
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Figure 7. Region of accessible states in the @, — 0, plane
for a four section separation unit: (a) Q-< K,;
K =267, Kz=1, Kp=2.21, y;=0.5, y5=0.5,
Q-=1.46; (b) 0> Kp; K,=5.71, Kg=1, Kp=1.9,
yi=0.3, y5=0.7, 9-=2.37; (cf. Storti et al.,
1989).

in the first column of Table 1, with the relevant Q values as
in columns 2 and 3. OF and Q3 are as yet undetermined values,
which satisfy the conditions (after theorem 2):

K< Q% <min{Kp, Q) <max(Kp, O} <QI=K,, (16)
To obtain the desired constant states in each section, the cor-
responding net flow rate ratios have to satisfy the specific

conditions reported in the last column of Table 1.

AIChE Journal



Table 1. Necessary and Sufficient Conditions for Complete

Separation
Section State Q 9 m range
K
1 fluid K; K, F"<m,< + o
D
. . a7 @y
2 intermediate K, QJ I—(TIE:—,< my <IT};(1.)
. . (@9)? ofof
3 termed 08 <
intermediate T K, KK, my KK,
— € KB
4 id L <my<=2
soli Ky K, e(i=-c) m4<KD

It is worth pointing out the substantial simplification intro-
duced by this result into the analysis of the four-section sep-
aration unit. In particular, it is important to stress that in each
column of the unit only one, among the different possible
steady-state regimes described in the previous section, is com-
patible with the requirement of complete separation, and as a
consequence the corresponding range for the net flow rate ratio
is also unique.

Moreover, from Table 1 we notice that the hypothesis of
theorem 1 are fulfilled in the first section where Q, is equal to
27, which characterizes the composition of the inlet adsorbed
phase. Similarly, the element @, corresponding to the state
prevailing in the third section is equal to Q8 which characterizes
the composition of the inlet fluid stream. Thus, by applying
the conclusion of theorem 1 together with the constraint in
Eq. 15, the following relationships are obtained:

Qs =07, (17)

Q7=0%, 18)

The Design Problem: Complete Separation under
Robust Operation

It has been shown by Storti et al. (1989), that the overall
and the single component material balances at the nodes of
the unit, together with the single component material balances
at each end of the four sections, characterize the steady-state
behavior of the unit by leaving four degrees of freedom. In
order to fully determine the system the most natural choice is
to assign the flow rate ratio in the four sections of the unit.
Accordingly, the simulation problem, that is, the question of
how the system behaves given certain operating conditions,
can be solved in the most general case. The only requirement
is that the assigned operating conditions fulfill the trivial phys-
ical constraints, namely that all the flow rates are positive.

In principle the design problem, that is, the problem of
determining the operating conditions to obtain a desired sep-
aration performance, can be tackled by solving several sim-
ulation problems within a trial-and-error procedure, until the
design requirements are fulfilled. The flow rate ratios are the
most natural design parameters, as well as the correct control
variables, since they can be easily controlled by manipulating
one internal flow rate (for example, the flow rate in the first
section) and the flow rates of three among the four inlet and
outlet streams. This choice makes the system constituted of
the overall material balances at the nodes of the unit fully
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determined. An example of the experimental implementation
of this control strategy has been reported by Storti et al. (1992),
with reference to a Simulated Moving Bed adsorption sepa-
ration pilot plant operated in the vapor phase.

In this work, an explicit solution of the design problem is
developed. For the binary system under examination, the re-
quirement of complete separation together with the results of
Equilibrium Theory has led to the scheme shown in Figure 6,
with the constraints on the flow rate ratios m,, m,, ms, m,,
given by the inequalities in Table 1. In the figure, eight un-
known € values are still present: Q7, 97, 0%, Qf, Q., 95, Qx,
Q3. Furthermore, eight flow rate ratios must be determined:
the four design parameters m,, m,, m;, m,, and the fluid flow
rates of the Feed, fresh Desorbent, Extract and Raffinate
streams. These unknowns are connected by 12 overall and
single component material balances at the two ends of the
sections whose labels are indicated in Figure 6, and at the
nodes of the unit.

A proper selection of these 12 material balances leads to the
following set of equations:

e Overall material balances at each node of the unit:

1 1 1
—=— (19)
Bp B Pa
1 1 1
—_———— (20)
B W K2
1 1 1
—_—=——— (21)
Br H3 W2
1 1 1
—=—— (22)
HUr M3 M4
® Overall material balances of components 4 and B
1 1
— yh=—yi (23)
Br BE
1 1
— yp=—1Ji 24
Br PR
e Material balance of component A at boundary H:
Yi=pmleys +(1-€)o05) (25)
e Material balance of component B at boundary L:
yg = I‘4[fpy§s + (l - 6p)oo’lg‘s] (26)

e Material balance of component A at boundary A4:
Ya-yill—eu) =mle,ys+ (1-€)o(05 - 02)]  (27)
e Material balance of component B at boundary D:

Yi—y3(1 =)= mley + (1 —,)0(05° - 03)]  (28)
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® Material balance of component B at boundary B:
V5 =pleyh+(1-€,)a03] 29
® Material balance of component A4 at boundary C:
Yi=wmleyi+ (1-¢)od}l (30)

In the above equations the superficial flow rate ratio g;=
u,/u; has been used. This is directly related to the design pa-
rameter m; through the following relationship derived from

Eq. 4:
1 1
mj:o(l—e,,) (;j—e,,). @3y

It is worth pointing out that since the above equations have
been formulated assuming explicitly complete separation for
the unit, they hold true only for net flow rate ratios m; which
satisfy the constraints reported in Table 1, that is, the necessary
and sufficient conditions for complete separation as given by
theorem 3.

Let us consider the constraints in Table 1 in detail. The
bounds on m, and m, are explicit, that is, they do not depend
on the other flow rate ratios. Hence the choice of the operating
values of m, and m, to obtain complete separation is trivial.
On the contrary, the bounds on m, and m, are given in terms
of Q values (27, Q7, Q%) that are obtained as solutions of the
system in Egs. 19-30. Thus, in principle these are functions
of the flow rate ratios in all the sections of the unit and therefore
the conditions on m, and m, are implicit. In the next sections,
we show that the bounds on m, and m; are indeed implicit,
but they are independent of m, and m,. Hence, we can rear-
range the system of Eqgs. 19 to 30 in order to make the con-
straints on m, and m, explicit and then determine the region
of complete separation operating conditions in the m,—m;
plane.

The Solution of the Design Problem

In this section, we first derive explicit relationships among
the unknown Q values and the design parameters m,, m,, m;
and m,. Next, these are substituted in the inequalities reported
in Table 1, which define the conditions for complete separa-
tion, so as to obtain a set of inequalities among the design
parameters alone (that is, not involving the @ values). In par-
ticular, we are concerned with the two implicit constraints in
Table 1:

Q107 (01)?
KK " K.Kp 62
(97)? Q507

33
KKy~ KKy 63

where Eq. 18 has been used.
Let us begin by rearranging the original system of equations
to reduce it to a simpler form. Using Egs. 20 to 22 and 31,
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the external superficial flow rate ratios can be written in terms
of the design parameters m; as follows:

1
o =0(1 —e)(m;—my),

1
—=0(1 - e,)(m,— my),
BE

1
—=a(1 — e,}(m;—m,). (39
KR

On the other hand Eq. 27, after eliminating y&, y5° and 65°
by substituting Eqs. 23 and 25 using Eqs. 34, reduces to:

0% — myyh = (my— my)yh. (35)

Similarly, using Eqgs. 24, 26, and 34, Eq. 28 leads to:
msyy—03= (my—my)yh. (36)

These two equations can be written in the @ space by using
the relationships in Eq. 12 as well as the results reported in
Table 1, so as to obtain two one-variable quadratic equations
in the unknowns Q7 and Q3:

@'~ b7 +c, =0, 37
@)’ - 527 +¢,=0, (38)
where the coefficients are given in terms of the design param-

eters m, and m,, the feed composition, y7, and the equilibrium
constants as follows:

by=Ky+ Kpm;~ (Kp—Kp)yh(my—m,), (39
¢, =KgKpm;, (40)
by =K, +Kpm,— (K4~ Kp)yi(my—m,), 1)
o, =K Kpm,. 42)

Notice that b,, ¢, and c, are positive. Moreover, since by def-
inition of the parameters { we are only interested in cases
where Eqs. 37 and 38 have real and positive roots, it can be
concluded that also b, and the discriminants of the two equa-
tions should be positive. Finally, it is readily seen that the
following relationships between the roots of Egs. 37 and 38
hold true:

QPP = KzKpm;, 43)

PP =K, Kpmy, 44
where we define the roots so that Qf 209 and QP =0P and
we omit the superscript y for brevity.

It is worth noticing that, from the physical point of view,
the result obtained above of separating the two unknowns Q3
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and 7 in the two Eqgs. 37 and 38, respectively, comes directly
from the enforced requirement of complete separation. This
is the condition that eliminates the component 4 from the
Raffinate zone and the component B from the Extract zone,
so making their overall material balances in Egs. 23 and 24 so
simple. Another consequence of the same requirement is that
the two parts of the unit (at the left and at the righthand side
of the Feed node) can be dealt with separately, except for the
presence in all the equations of both m, and m;. This is not
surprising, since sections 2 and 3 play a crucial role in per-
forming the desired separation and indeed their behavior is
tightly interrelated.

At this stage we have Eqs. 37 and 38, each having two
solutions, so giving place to four possible combinations of
solutions. The two constraints given by Egs. 32 and 33 on the
central section net flow rate ratios should then provide a cri-
terion to decide which of the four combinations of solutions
must be chosen.

To this aim let us divide Eqs. 32 and 33 by Q7/(K,K)) and
by Q7/(KzKp) respectively, to obtain:

KK,

Q]’<—‘T§ﬂ<ﬂ} 45)
KoK

m<—”—n.’,’—'"—3<sz§. (46)
1

Using Eqs. 43 and 44, it is possible to see that the middle term
in each of the inequalities above is the other root of Egs. 37
and 38. This is a rather useful observation, since it allows us
to readily identify the correct solutions of Eqs. 37 and 38 among
the four possible combinations mentioned above. In particular,
these are given by Q7 = QP and 2] =29, so that the inequalities
in Eqgs. 45 and 46 reduce as follows:

0° <09 < 0P “47)

09 < QP <08 48)

Thus the second inequality in Eq. 47 and the first inequality
in Eq. 48 are trivially fuifilled, whereas any other choice had
been made it would have taken to a contradiction.

Having determined the solution of Eqs. 37 and 38, we can
proceed to determine the remaining unknowns Qf and Q8.
Thus, substituting Eqs. 18 and 43 in Eq. 29 and Eqs. 17 and
44 in Eq. 30, while recalling the relationships in Egs. 12 and
31, it is obtained:

Ky {Kz—QP) (]+ €p QF > m,
€

2B 1=
Qe e o(1-¢,) mfQF

-
m2+o(l—ep)
49
KA_1=(KA_Q;@) 1+ €p 91@) m;
of aP =) m0P) ¢
*Ta(l-¢y)
(50)

It is noteworthy that all the Q values appearing in the con-
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straint equations, 32 and 33, that is, 97, Q7 and %, depend
only on the flow rate ratios m, and m;,. This proves that, as
anticipated above, the region in the m, — m; plane whose points
represent operating conditions which guarantee complete sep-
aration does not depend upon the values of the net flow rate
ratios m, and m,.

We are now in the position of further elaborating the in-
equalities in Eqs. 47 and 48. In particular, by substituting Eq.
50in Eq. 48, it can be shown that the second inequality QP < Q8
is equivalent to the following quadratic inequality in the vari-
able Q9:

m@9+08 (S - ma
P.

K4

——ra 9
iy 2°>0. 6D

The lefthand side of the inequality in Eq. 51 represents a convex
parabola with one positive (2P =0®) and one negative
{QP = —¢,K,/[0(1 —e,)m;]) root. Accordingly, the inequality
in Eq. 51 is equivalent to Q2 <QP, and then the inequalities
in Egs. 47 and 48 reduce to the following final form:

0P <0 (52)

aP<0?, (53

where all the © values are function only of m, and m;. Since
the second inequality in Eq. 47 and the first one in Eq. 48 are
fulfilled by definition once the proper choice of the roots of
Egs. 37 and 38 has been done, they have been omitted in
reducing inequalities in Eqs. 47 and 48 to the final expressions
in Egs. 52 and 53.

Let us make some remarks:

e Equations 52 and 53 are another way of writing the con-
straints on the design parameters m, and m, given by Equilib-
rium Theory and reported in Table 1. These equations contain
only these two parameters, hence they implicitly define a region
of the m,— m; plane where complete separation is guaranteed.
The constraints on the other two design parameters are explicit
and they are given in Table 1:

K
17;<m,< +o0 54)
— € KB
—_—< _—
- m,< X (55)

e Optimal separation conditions are achieved when the m
values are selected so as to maximize the feed flow rate ratio
1/pr and to minimize the fresh Desorbent flow rate ratio
1/up (cf. Storti et al., 1989). Recalling Eqs. 34, and the cor-
responding relationship 1/pp=o(1 — ¢,)(m, — m,) coming from
Eqs. 19 and 31, it is readily seen that these conditions are
fulfilled when m, and m, are minimum and m, and m, are
maximum. For the flow rate ratios m, and m, this condition
can be made explicit by using Eqgs. 54 and 55 as follows:

my=—4 (56)
D
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The optimal values of the flow rate ratios m, and m, are derived
from Egs. 52 and 53, following the arguments reported in
detail in Appendix D, which lead to:

2r

m,= X, (58)
Qr

my= k—g (59)

The Region of Complete Separation in the m,— m;
Plane

The conditions we have obtained in the previous section will
now be used to determine the region in the m,— m; plane
representing operating conditions which ensure complete sep-
aration. The final conditions for complete separation are given
by the inequalities in Eqs. 52 and 53 which involve the roots
of the quadratic Eqs. 37 and 38. Accordingly, these can be
formulated in terms of equilibrium constants, feed composi-
tion and m, and m, as follows:

by~/bi—4e,> b —\/bi—4c, 60
by + b2 —dc,> by + b2 — e, 61)
b2—4c,>0 62)
b2 —4¢,>0 (63)
m;>m. (64)

where the coefficients of the quadratic equations defined by
Eqgs. 39 to 42 have been used.

It should be noted that in order to fully characterize the
region of complete separation in the m, — m, plane, besides the
inequalities in Eqs. 60 and 61 which derive directly from Egs.
52 and 53, three other conditions have been considered. In
particular, Egs. 62 and 63 follow from the observation that,
by definition, the Q values can take only real values. On the
other hand, Eq. 64 derives from the first of Eqs. 34 by noticing
that the feed flow rate p- must be positive. Finally, it is note-
worthy that we need not impose explicitly the condition that
b, be positive, which we have mentioned in the sixth section.
In fact a necessary condition for inequalities in Eqs. 60 and
61 to be fulfilled is that b, is greater than b,, which is positive
for any choice of m, and m; (cf. Eq. 39). It follows that the
condition b,>0 is implied by the two inequalities in Eqgs. 60
and 61.

This system of inequalities is defined in the first quadrant
of the m, — m; plane, where it determines the region of complete
separation shown in Figures 8 and 9 in the cases when Q< X,
and 2> K, respectively (see Eq. 14 for the definition of Q).
The boundary of this region is the union of five curves, each
corresponding to a portion of the curves defined by the five
equations obtained by replacing in Eqs. 60 to 64 the operator

< with the operator =. N
To identify the separation region quantitatively, we need to
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Figure 8. Region of complete separation in the m,— m,
plane, in the case where Q.< K, K,=2.67,
Ks=1, Kp=2.21, y5=0.5, y5=0.5, 2,=1.46.

derive explicit expressions for its boundaries. This requires
some further elaboration which we discuss in Appendix D,
while we report in the following only the final results of the
analysis. With reference to Figures 8 and 9, the following
expressions for each of the five curves constituting the bound-
ary of the compiete separation region have been obtained.

e Straight line WD (WR and WT) from Egs. 60 or 61:

K, (Kp—Kg)my+ Kp(K,— Kp)m; =Qp(K4— Kg)  (65)
4 :
3F A ]
W
T
Em 2r S 7
D
1+ 8] 1
B
0 L I L
0 1 2 3 4

m,

Figure 9. Region of compiete separation in the m;—m,
plane, in the case where Q> K, .
K,=5.71, Kz=1, Kp=1.9, y4=0.3, y5=0.7, Q,=2.37.
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e Straight line WU (WQ and WS) from Egs. 60 or 61:
Yamy+yims=1 (66)
® Curves QA and TA from Eq. 62:

(VK —~ Kpm,)?

=t Vi (K4~ Kp) ©n
@ Curves RB and SB from Eq. 63:
my= m,——————(@'m)z (68)
Ya(Kp—Kp)
e Straight line AB from Eq. 64:
my=m, (69)

The coordinates of the points where the curve and the straight
line are tangent (that is, Q and R or S and 7), depend on the
relative magnitude of @ and K. On the other hand, the co-
ordinates of all the other intersection points 4, B, D, U and
W in the figures are the same in both cases. The coordinates
of each point are given in explicit form as follows:

point A <IKT;,’ %) (70)
point B (1%, 1%) a1
point D <2—;, 1%)) 72
point W <%, 2—’;) 73)
point U (1, 1) (74)
point Q (% (K ;{’j&: fﬁi?”—K”)) as
pom (MRt ) o
s (MESEEREE) o

. B QlKp(Ky— Ka) ~ 0p(Kp— Ky)]
78
point T (KAKD’ KoKo(Ka—K2) 7%

For any given separation problem the expressions reported
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above allow one to readily draw the region in the m, — m, plane
whose points correspond to complete separation operating con-
ditions, provided that the values of m, and m, are selected in
the range given by Egs. 54 and 55. For these values of the flow
rate ratios the scheme of Figure 6 and the system of Egs. 19
to 30 are indeed correct. Hence, the solution obtained in the
following section is valid and can be used to characterize the
composition of each stream in the unit.

For values of m, and m, corresponding to points outside the
separation region, the assumptions on which the system of
Eqgs. 19 to 30 is based are violated. Thus, complete separation
cannot be achieved and the behavior of the unit cannot be
determined using the system above. In this case, the original
system of Eqs. 1 and 2 has to be solved, as discussed by Storti
et al. (1989). For all operating conditions corresponding to
points outside the complete separation region, this procedure
allows to evaluate the composition of every stream leaving the
unit, and then the relevant performance parameters.

However, for the cases mentioned above, Egs. 19 to 30 and
then the relative position of the point representing the actual
unit operating conditions and the complete separation region
can be used to provide at least qualitative information about
the separation performance. These are of interest for several
situations of relevance in practice, such as the case where high
purity is required for only one of the two components. To this
aim we will analyze more closely the physical meaning of con-
ditions in Eqgs. 60 to 63 (Eq. 64 is not examined since it rep-
resents the requirement that the feed stream flow rate should
be positive).

Let us consider the condition in Eq. 60, which is shown in
Appendix D to yield the boundary given by Eq. 65 when Q< K,
(segment WR in Figure 8) and the boundary given by Eq. 66
when Qr> K, (segment WS in Figure 9). The inequality in Eq.
60 is equivalent to the condition in Eq. 52, which in turnis a
consequence of the left inequality in Eq. 45. As discussed in
Appendix C, if this constraint were not fulfilled (that is, if
m,<01Q3/(K,Kp)), then the incoming solid state, with su-
perscript « in Figure 6, would prevail inside section 2. As a
consequence, component B would be carried toward the Ex-
tract outlet, thus violating the requirement of complete sep-
aration for that stream.

Moreover, the condition in Eq. 63 yields the boundary given
by Eq. 68, representing the curve RB in Figure 8 and the curve
SB in Figure 9, which are adjacent to the segments WR and
WS, respectively. The condition in Eq. 63, in its form in Eq.
68, gives an explicit lower bound on m,, as a function of m,.
Hence, if it were violated, m, would be too small to desorb
all component B from section 2. Thus summarizing, it can be
concluded that a region to the left of line WB in Figures 8 and
9, for which either condition in Eq. 60 or the condition in Eq.
63 is violated, represents operating conditions where the Raf-
finate stream is pure, but the Extract stream is not.

A similar analysis can be performed on the conditions in
Eqs. 61 and 62, leading to the conclusion that the region above
line WA in Figures 8 and 9 represents operating conditions
where the Extract stream is pure, but the Raffinate stream is
not. For points far away from the complete separation region
in the m,— m, plane no conclusions can be drawn from the
analysis described above. An application of this analysis,
through a comparison with experimental data, is reported in
the experimental results section.
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Design of Robust Countercurrent Adsorption
Separation Units

We have previously determined through Eqgs. 58 and 59 the
optimal values of the design parameters m, and m, which
maximize the feed flow rate while minimizing the fresh de-
sorbent flow rate. It has been noted (for example, Storti et
al., 1989) that in practice these optimal operating conditions
are not robust, in the sense that in these conditions the unit
performance is rather sensitive to small disturbances in the
inlet flow rates and compositions as well as in other operating
conditions. We are now in the position of fully understanding
this behavior by considering that the point representing the
optimal conditions, that is, point W in Figures 8 and 9 lies
exactly on the boundary of the region of complete separation.
It is evident that the slightest disturbance in the feed flow rates
or composition as well as in the equilibrium characteristics of
the system, for example, due to the aging of the desorbent,
modifies the location of the point W. Such a disturbance may
thus lead the operating conditions from the optimal point to
a point outside the separation region.

Robustness to disturbances means that a small perturbation
in the operating conditions does not modify the qualitative
behavior of the unit. In other words, the unit still achieves
complete separation, even though the actual performance
changes, due to the mentioned disturbance. Robustness is of
paramount importance in designing the operating conditions
of an industrial plant, whereas sensitive operating conditions
are avoided as much as possible in industrial practice.

An interesting feature of the diagrams in the m,— m; plane
shown in Figures 8 and 9 can be evidenced by considering the
first of Eqgs. 34. In particular it can be seen that straight lines
with unitary slope in the m, — m, plane correspond to operating
conditions characterized by a constant value of the Feed to
solid flow rate ratio, 1/p, that is, operating conditions with
the same productivity performance. Some of these straight
lines, which we may refer to as isoproductivity lines, passing
through the separation region are shown in Figure 10. The
straight line going through the optimal point W corresponds
to the highest productivity, that is, ur is minimum. Coming
down we find straight lines corresponding to lower and lower
productivities, down to the last one, m;=m,, which is char-
acterized by zero productivity, that is, pr=oco. A quantitative
estimate of the robustness of a given set of operating conditions
is obtained as the distance between the point representing the
operating conditions and the boundary of the separation re-
gion. By looking at Figure 10 it is evident that robustness and
performance vary in opposite directions. If the operating point
is moved towards the optimal point W, productivity increases
but robustness decreases. On the contrary, robustness can be
increased by moving away from the optimal point and by
choosing operating conditions represented by points lying on
lines of lower productivity.

Since robustness can only be improved at the expense of
productivity, before choosing the operating conditions of the
unit it is important to determine an estimate of the magnitude
of the possible disturbances. Different kinds of disturbances
are considered in the following.

First, we consider those disturbances which affect the value
of the operating parameters m;, while leaving the boundaries
of the complete separation region unchanged (that is, the equi-
librium constants and the feed composition). In this case, the
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Figure 10. Region of complete separation in the m,— m,
plane, with isoproductivity lines given by Eq.
34: K,=267, Kzg=1, Kp=221, y5=0.5,
y5=0.5,2,=1.46, 0= 72.6, ¢,=0.21 (cf. Storti
et al., 1989).

position of the representing point in the operating parameter
space changes and it is the goal of robust design to guarantee
that it remains within the complete separation region. Dis-
turbances of this type include deviations in the values of the
flow rates, of the operating pressure and temperature and in
the loading capacity of the adsorbent solid.

The second kind of disturbances are those which affect the
location of the boundaries of the complete separation region.
As described in the previous section, this requires changes in
the equilibrium constants or in feed composition, which in
turn may be induced by adsorbent aging or feedstock varia-
bility. In both cases, the boundaries of the complete separation
region move, while the location of the point representing the
unit operating conditions (that is, the m; values) remains un-
changed.

In the following, both types of disturbances are considered.
The aim is to provide design criteria which ensure that in the
presence of these expected disturbances the point representing
the unit in the operating parameter space remains inside the
region of complete separation.

In general, the desired values of the net flow rate ratios are
imposed indirectly through flow rate ratios controllers, either
volumetric or gravimetric. Depending upon the effectiveness
of the control system, deviations of various sizes from the set
point value of the flow rate ratios can arise. This implies a
corresponding change of the operating parameters m;, and thus
a modification of the operating regime of the unit. The effect
on m; can be evaluated by differentiating Eq. 31 as follows:

1
dm;=————d 1 volumetric control
a(l—¢) \y
1 1
= d(—) mass control. 79
(1-¢) \py
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Figure 11. Region of robust complete separation in the
m, — m, plane with respect to disturbances
in the net flow rate ratios: K,=2.67, Kzg=1,
Kp=2.21, yf=05, y5=0.5, Q,=1.46, dm=
0.02.

Another source of disturbances, particularly when the unit
is operated in the vapor phase, can be due to perturbations in
the values of the operating pressure and temperature. The fluid
density, which enters the model equations through the param-
eter g, is affected by these variations and it produces a cor-
responding change in the operating parameters. By
differentiating Eq. 31, under the assumption of perfect flow
control, we can qualitatively estimate such a change:

dm = Vu—e,

=———F—_dp volumetric control
7 pl(1-¢)

e,
=————L——dp mass control. (80)
pT=(1-¢)

Following the previous analysis, or similar ones when a
different type of disturbance is considered, it is possible to
estimate an upper bound dm for the disturbances on m;. This
estimate can be used to draw the robust complete separation
region in the m,— m, plane sketched in Figure 11, which is
readily obtained by properly shifting the boundary of the com-
plete separation region determined above. Every point in the
newly obtained region represents robust operating conditions,
whereas point W’ represents the optimal productivity oper-
ating conditions within the region of robust operations.

Next we consider disturbances or uncertainties in the feed
composition. These imply a correspondent variation in the
parameter Q- and then a change of the entire separation region.

In order to better investigate such a change, we first consider
the properties in Figures 8 and 9, which are invariant with the
change of feed composition. These invariant properties are:
the coordinates of the points A, B and U, the slope of the
straight line WD and the fact that the point U belongs to the
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Figure 12. Effect of feed composition changes on the
region of complete separation in the m,— m,
plane: K,=2.67, Kz=1, K,=2.21.

(a) ¥5=0.5, y5=0.5, Qr=1.46; (b) yh=1, yh=0. Q=1; (0
¥5=0, yh=1, Qp=2.67. The straight line W, — W, is the locus
of the optimal points.

straight line WU. Therefore, as the feed composition changes,
the straight line WD (cf. Eq. 65) describes a family of parallel
lines, whereas the straight line WU (cf. Eq. 66) describes a
family of lines passing through the point U. The curves AQ
and BR in Figure 8 (or AT and BS in Figure 9) change with
Q- but their extreme points A and B do not. Another interesting
property is that the straight line WU does not depend on the
equilibrium constants; in particular if the feed composition is
equimolar, its equation is m,+m;=2.

Thus summarizing, the change of the complete separation
region as a function of the feed composition, y% (or ), is
shown in Figure 12. When the feed is constituted of pure
component A (case b), that is, y5=1 (or Q7= K}), the line WU
is horizontal and the three points B, D and R collapse together.
On the other extreme, when the feed is constituted of pure
component B (case ¢), that is, y5=0 (or Q= K,), the line WU
is vertical and the three points A, D and T coincide. While Q,
goes from K to K4 the slope of this straight line changes from
zero to — . The optimal point goes from the lower left, point
(Kz/K,4, 1), to the upper right, point (1, K,/Kg), along the
straight line of equation Kgm,= K,m,. At the particular feed
composition where Q= K the two lines WU and WD coincide.
In this situation, which corresponds to the bifurcation point
between the picture in Figure 8 and that in Figure 9, the sep-
aration region is not endowed with the degeneracy of the tri-
angle WUD, which vanishes into a segment. For values of Qp
not close to K, the triangle WUD is a good approximation of
the complete separation region.

If an upper and lower bound on the values that Q. can assume
around its nominal value due to feed composition disturbances
can be estimated, then three different complete separation
regions can be drawn for the nominal value and for the upper
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Figure 13. Region of robust complete separation in the
m; —m, plane with respect to feed compo-
sition changes: K,=2.67, K;=1, K,=2.21.

(@) V4=0.5, y5=0.5, Q= 1.46; (b) ;=0.6, y5=0.4, Q= 1.33;
(©) ¥5=0.4, y5=0.6, Qp=1.60.

and lower bounds. As shown in Figure 13, in this case the
region of robust complete separation is given by the intersection
of the three regions above, while the point W represents the
optimal productivity operating conditions.

Robust operating conditions for the first and the fourth
section are easily determined. Since the position of the complete
separation region in the m,—m, plane (cf. Eqgs. 54, 55) is
determined only by the equilibrium ratios, only those disturb-
ances that can affect the actual value of the net flow rate ratios
m, and m, have to be considered. As mentioned above these
include changes in the stream flow rates or temperature and
pressure disturbances. Once a value of the upper bound dm
has been estimated, robust operations are guaranteed if the
operating conditions are chosen so that m,=(K,/Kp+dm)
and m,< (Kz/Kp—dm).

Finally, it is worth mentioning the changes in the unit per-
formance which are induced by the changes, usually rather
slow in time, of the equilibrium characteristics due to the
adsorbent aging. One way to account for these changes is again
a robust design of the operating conditions.

Often in applications the adsorbent aging induces a change
only in the adsorbent loading capacity I'*. This situation can
be regarded as a disturbance of the first kind above. Accord-
ingly, an estimate of the effect of this change on the values of
the operating parameters m; can be obtained as follows:

_p(/p—e)

dm
ps(l - €p)

J

1
d (—;) volumetric/mass control. (81)

Similarly as in the case of Eqs. 79 and 80, the estimate given
by Eq. 81 can be used directly to derive the robust complete
separation region sketched in Figure 11.

On the other hand, if the adsorbent aging affects the selec-
tivities of the components present in the system, then the lo-
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Table 2. Operating, Adsorbent and Equilibrium Parameters

Equilibrium Parameters

r= 0.135 kg/ke
Ks 1

Kp 1.50

K4 1.95
Operating temperature 523 K
Operating pressure 3% 10° Pa

Feed composition yhi=0.49, y£=0.51

€ 0.42

& 0.21

Ps 1,490 kg/m?

o5 7 kg/m?

A 1.767 x 10”4 m?
L 1m

cation of the boundaries of the separation region changes, as
in the case of disturbances of the second kind examined above.
Accordingly, the same procedure can be followed for a robust
design of the unit.

Experimental Results

As mentioned in the Introduction section, most applications
of continuous countercurrent adsorption separations involve ‘(
the simulated moving bed technology. Since true continuous
countercurrent models can be used conveniently to simulate
this kind of apparatus, it is possible to test the theoretical
results obtained in this work by comparison with experimental
steady-state data relative to a SMB unit. In particular, we
consider the results obtained by Storti et al. (1992) in a six
port SMB pilot-plant operated in the vapor phase to separate
a mixture of m- and p-xylene using Isopropylbenzene as de-
sorbent and KY zeolites as adsorbent. )

To compare the experimental operating parameters of the
SMB unit with the complete separation region obtained in this
work with a TCC model, the kinematic similarity between the
two units has been used (Ruthven and Ching, 1989; Storti et
al., 1992). Since in the experimental apparatus considered the
controlled variables are the mass flow rates G;, in order to
compute the flow rate ratios m;, it is convenient to rewrite Eq.
4 in the following form:

Gjt* —AlLe *pf .
mj_ALpsI‘“(l—e*) =1, ...,4. 32)
where the solid velocity in the TCC unit, %, has been evaluated
through the kinematic similarity relationship as follows:
u,=(1—€)L/t*. The operating conditions adopted in the ex-
perimental analysis are summarized in Table 2, together with
the values of the physico-chemical parameters involved in Eq.
82 and the constant ratios appearing in the equilibrium model
in Eq. 8. The adsorbed phase saturation concentration I'” and
the equilibrium constant ratios K; have been estimated by fit-
ting the results of some preliminary breakthrough experiments
performed directly on the SMB pilot plant.

In Figure 14 the complete separation region for the system
under examination has been drawn in the m, — m, plane using
Eqgs. 65 to 78, where the equilibrium ratios and the feed com-
position have been taken from Table 2, while Qz=1.33 from
Eq. 14. On the other hand, the location. of the points repre-
senting the experimental runs has been obtained by evaluating
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Figure 14. Comparison of the predicted region of com-
plete separation in the m, — m, plane with the
experimental data () (Storti et al., 1992):
K,=1.95, Kzg=1, Kp=1.50, y:=0.49, y;=0.51,
2-=1.33.

the operating parameters m, and m; from Eq. 82. The obtained
values for each experimental run are summarized in Table 3.
In the same table, the purity of the Raffinate stream (Pg) and
the purity of the Extract stream (Pg) measured experimentally
are also reported, together with the values predicted by the
equilibrium theory model in Eqgs. 1 to 3. It can be seen that,
as expected, the quantitative agreement between experimental
and calculated values is not very close, because of the ap-
proximations intrinsic in the equilibrium theory model. Never-
theless, as discussed in the following, the location of the
experimental points with respect to the complete separation
region is fully coherent with the observed separation perform-
ance of the unit. This assesses the reliability and utility of the
results of the analysis developed in this work in determining
the performance of the examined separation units.

Let us consider the relative position of the points repre-
senting the experimental runs with respect to the predicted
complete separation region shown in Figure 14. The compar-
ison between experimental and theoretical results can be per-
formed along the lines followed in the last part of the seventh
section. Thus, the experimental runs F and H, where as re-
ported in Table 3 complete separation has been achieved, are
represented by the points in the m, — m, plane shown in Figure
14, which lie well within the complete separation region.

A different behavior is found when considering the exper-
imental runs C, G and J, which lie outside the complete sep-
aration region in Figure 14. In particular, in Table 3 it can be
seen that in the experimental runs C and J complete separation
has not been achieved in the Raffinate. This is consistent with
the geometrical observation that the corresponding points in
the m,— m; plane lie above line WA in Figure 14, that is, in
a region where the presence of component A in the Raffinate
is theoretically predicted, as discussed in the last part of the
seventh section. It is worth noticing that the point correspond-
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Table 3. Comparison of the Experimental and Calculated
Separation Performances

Flow Rate
Ratio
Run m, m, my my

Purity Purity
Experimental Calculated
Pg (%) Pg (%) Ps (M) Pi (%)

3.583 0.798 1.167 0.379 >99.7 >99.9 100 100
3.583 0.655 1.146 0.409 89.5 >99.9 81.0 100
3.583 0.850 1.249 0.368 >99.6 84.6 100 84.6
2.858 0.589 1.900 0.434 81.0 69.0 882 69.2
2.518 0.809 1.177 0.501 >99.8 >99.9 100 100
2.057 0.796 1.216 0.529 >99.9  99.7 100 99.4

Cieoll. - RoNa k]

ing to run J is very close to the boundary of the complete
separation region. This is in good agreement with the exper-
imental separation performance, which in Table 3 can be seen
to be indeed very close to complete separation.

On the contrary, in run G complete separation was not
achieved because of the presence of about 10% of m-Xylene
in the Extract stream. As shown in Figure 14, in this case the
point representing run G falls to the left of the complete sep-
aration region, that is, to the left of line WB, where as theory
predicts the operating conditions are such that component B
is not completely desorbed from section 2, and it is then carried

toward the Extract outlet.
Finally, also the rather poor separation performance re-

ported in Table 3 for the experimental run B compares well
with the long distance separating the point representing this
run from the complete separation region in Figure 14. Thus,
summarizing, we can conclude that the results of the developed
analysis allow us to correctly interpret the experimental per-
formances of the SMB pilot plant reported by Storti et al.
(1992). Moreover, it is remarkable how the knowledge of the
location of the complete separation region makes it easy to
understand the behavior of these units and to select the op-
erating conditions required to obtain a given separation per-
formance.

Concluding Remarks

The separation of a binary mixture in a four section coun-
tercurrent adsorption separation unit, using a third component
having intermediate adsorptivity as desorbent, has been con-
sidered. The analysis is developed in the frame of equilibrium
theory, where the adsorption equilibria are described through
the constant selectivity stoichiometric model, while mass-trans-
fer resistances and axial mixing are neglected. This model has
been acknowledged as being capable of describing the key
features of the adsorption separation processes. Accordingly,
in this work it has been used to develop a procedure for the
optimal and robust design of a four section separation unit,
by taking advantage of the available explicit solution of the
adsorption problem associated with each section of the unit.

By requiring that the unit achieves complete separation, it
has been possible to identify a set of implicit constraints on
the operating parameters, that is, the flow rate ratios in the
four sections of the unit, from which explicit bounds on the
operating parameters are obtained. This procedure yields a
region in the operating parameters space, which can be drawn
a priori in terms of the adsorption equilibrium constants and
the feed composition. It has been shown that in the case of a
linear equilibrium model the corresponding region is much
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simpler than in the nonlinear case, where the role of the de-
sorbent adsorptivity and the effect of the feed composition are
fully taken into account.

In spite of the richness of the information which are carried
by the geometric representation of the complete separation
region in the m,— m, plane, its construction and its practical
use are remarkably simple, involving only explicit algebraic
relationships. In particular, it provides a very effective tool to
determine both optimal and robust operating conditions. The
latter requirement has been carefully analyzed by first deter-
mining the various possible sources of disturbances, as well as
their effect on the separation performance. Then, a procedure
has been developed to modify the complete separation region
into a ‘‘robust’’ complete separation region, once an estimate
of the possible errors in the operating parameters of the unit
has been evaluated.

The reliability and accuracy of these theoretical findings have
been assessed by comparison with a set of experimental results
obtained in a six port Simulated Moving Bed adsorption sep-
aration unit operated in the vapor phase.

Notation

A = cross section of the adsorption column
by, by, ¢}, ¢; = coefficients of the quadratic Egs. 37 and 38 defined
- byEgs.39to 42
Ji = dimensionless net flow rate of component i in section
g fi=my|—8}

G; = fluid mass-flow rate in section j of a SMB unit

K; = equilibrium constant of adsorption of component i
L; = length of section j

m; = mass-flow rate ratio in section j (cf. Eq. 4 and Eq.

82)

NC = total number of components
Py = extract purity, Pp=yEZ/(yE+y5)
P = raffinate purity, Pr=y%/ (y2+y%)
t = time
£* = switching time in a SMB unit
u; = superficial fluid phase velocity in section j
u, = superficial solid phase velocity
x = dimensionless axial coordinate, x=2z/L;
y% = fluid phase dimensionless concentration of compo-
nent i in section j
z = axial coordinate

Greek letters

I’ = adsorbed phase saturation concentration
e = external void fraction
¢, = intraparticle void fraction
€' = overall void fraction, " =¢+¢,(1 ~¢)
6/ = adsorbent coverage fraction of component i in section
#; = volumetric flow rate ratio in section j, u;=u,/u;
p; = fluid phase density
o = bulk solid mass density
¢ = capacity ratio, o=pJI'*/p,
7 = dimensionless time, 7=tu,/L
® = equilibrium theory parameter defined by Eq. A7
Q = equilibrium theory parameter defined by Eq. 9 or 10

Subscripts and superscripts

a = section a

A, B = components to be separated
b = section b
¢ = column state
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desorbent

extract

fluid state

feed

component index

section index

initial condition

outgoing state, after mixing

raffinate

solid state

streams in the four section separation unit (cf. Figure
6)

greatest and smallest root of a quadratic equation,
respectively

|
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Appendix A

Before proving theorem 1 it is necessary to recall the main
results from equilibrium theory applied to stoichiometric sys-
tems with NC components (Storti et al., 1989).

Through equilibrium theory it is demonstrated that there is
a one-to-one mapping between the space of fluid or adsorbed
phase concentrations and a (NC - one)-dimensional space,
whose components are obtained as roots of the equation:

NC K
izi
...L=0, AD

i=1
or
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NC o
——=0. A2
Z A (A2
Moreover, the @ parameters are roots of the equation:
NC
K6,
, A3
K Q =1 (A3

and fulfill the following inequalities:
Ki=Q =K,=<... sK;=Q<K;,,<
=Knc-1=Qvc-1=Kne, (Ad)

where Q=K; if and only if y,=
can be inverted leading for i=1, ...,

(1 wo)( 3

j=1 i=1, j#i

SR

j=1j#i i=1

8;,=0. Equations Al and A2
NC to:

(Ki-Kj)> »  (AS)

Let us now consider the single section in Figure 3, and the
two incoming states corresponding to the vectors £° and 9°.

Let &, be:
k-1 NC-1 NC
(I o) (1L, =)/(I ©)
j=1 j=k+1 j=1
(k=1,...,NC-1). (A7)

At steady-state conditions the fluid and adsorbed phases have
the same composition in the entire column. The particular
composition is determined by the value of the net flow rate
ratio m and the corresponding ©° vector can take one of the
following general configurations:

¢ The state inside the column is characterized by the vector:

Q‘\=(Q‘II) DR sz 924»1, sy Ql;lc—l)!

k=0,..., NC-1, (A8)
where & can take any of the integer values between 0 and NC
—1, depending upon which one of the following intervals
contains the value of the net flow rate ratio, m

% <m=&0Qmin{Q?, Q°),
a(l—¢,)

k=0, (A9)

&, Qimax (Qf, QF Y =m=®,,,Q;, min{Qf,,, Q..

k=1,...,NC-2, (Al0)
Pne- 1 Qive-max{Quc_i, Qe 1} =m
<+, k=NC-1. (Al})
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® In the case where Q2 < Q2 for some k=1, ..., NC—1, then
the constant state can correspond to the vector:
C=(0f ..., %, B Ry ..o, R, (AL2)

with @< Q, < Q2 and m= &, 3.

By identifying the fluid stream with the superscript f, the
solid stream with s and the constant state inside the column
with ¢, the single component material balance at either end of
the column can be written as:

. (A3
(- )y,+0)] (A13)

yi=p(1 —fp)v[(myf—"f) + (

Let F(Q), C(2) and S(2) be the functions whose zeroes are the
Q values characterizing the fluid, constant and solid states
respectively:

NC Kyj

F(@)=>,——, (Al4)
o Ki-0
NC 0c

C(Q)—ZK (A15)
Ne Ky;

S(@) = =L (A16)
K-

All these functions have strictly positive first derivatives. If
we multiply Eq. A13 by K;/(K;—Q), the sum over the index i
and use the equilibrium model Eq. 8 and the inverse relation-
ship in Eq. A6, after some algebraic manipulations we obtain
the equation:

F@ _( T5K
pl-g)o (m e Q)C(Q)
Q
Kyt (1_6))5(9), (A17)

which involves the three functions F(Q), C() and S(Q) defined
above.

Let us consider the second part of theorem 1, and let us
assume that the constant state inside the column and the in-
coming solid (or fluid) stream share the same Q value, say Q*.
Therefore, C(2") and S(Q*) [or F(Q™)] are equal to zero. From
Eq. A17 it follows that also F(2")=0 [or S(Q”)=0], hence *
is one of the @ values which characterize the outgoing fluid
(or solid) stream. This proves the second part of theorem 1.

Now, consider the first part of theorem 1. Let @, = max{Q%,
Q7) and @, =min{Qf, ©f). Using Eqs. A7, A8 and A12, Eq.

A17 reduces to:
Q)C(Q)

Q
<E” Ky (- eﬁ)s(m A1

F(2) _( m
p(l-¢)o  \ P05
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We now proceed with the proof by considering first the right
end of the column. In this case we should assume that in Eq.
A18 the incoming adsorbed state (that is, 2°) is known, while
the outgoing fluid state (that is, 8/) has to be determined. As
mentioned above, two cases may arise depending on the con-
figuration of the constant state inside the column.

Case 1. Q° given by Eq. A8. For k=0 the adsorbed state
prevails within the column (that is, 2°=Q’) and the property
proven above implies that the outgoing fluid stream has the
same @ vector as the incoming solid stream (that is, §/=0°).
Fork=1,..., NC—-1, thelower bound constraint of Eq. A10,
together with Eq. A18, implies:

F(Q)

e =@, - CE)
.

€

Q
* <E}V=CIKJ‘)’?+ (1- e,,)a)s(m' (A19)

If izk+1 then Qf=0?, hence the statement proven above
can be applied, yielding 2/=0°?.

Some further considerations are needed for the remaining
elements of the fluid state @ vector, that is, @/ with i<k. From
Eq. Ad it is readily seen that (Q,—)=0 and (@,-2)=0. On
the other hand, recalling that for each i=1, ..., k, both &
and §); belong to the interval [K], X;, ], and that C(R) and S(2)
are strictly increasing functions within the same interval with
C(@)=0 and S@7)=0, it follows that C(@)=0, S@)=0,
CQ)=0 and S(Q)=<0. When substituted in Eq. Al9, these
results lead to the conclusion that F(@)=0 and F(§)=<0, im-
plying, through similar reasoning, that the i-th element of the
fluid state vector where F(Q/)=0 is bounded as follows:

2=0/<Q, (i=1,...,NC-1). (A20)

The results obtained above for i= k + 1 have also been included
in the last equation.

Case 2. 9Q° given by Eq. A12. Since in this case m=$,Q2,
Eq. A18 reduces to:

F(Q)

—e)o (egvety
P

2 _)s@),

Q
A2l
* (zﬁﬁlgy,’-’*(l —e,,)a) (42D

wherek=1,...,NC—1.Fori<kandi> kthe same arguments
as in the previous case can be repeated leading again to the
condition in Eq. A20. On the other hand, for i=k, since
S(92,)>0, Eq. A21 implies that F(Q,) >0. Similarly, from Eq.
A21 since (2,—02)C (22 <0 and S(2%) =0, hence F(25)<0.
It follows that 9f<Q/<Q, < Q%

We have then proved the first part of theorem 1 with ref-
erence to the fluid state leaving the column from the right end
in Figure 3.

The same proof should be repeated with reference to the
adsorbed state leaving the left end of the column. However,
since it proceeds through arguments which are fully symmetric
to those followed in the previous case, we omit its derivation.
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Appendix B

Theorem 1 establishes that the @ vectors characterizing the
constant state inside the column and the two outgoing streams
are bounded by the @ vectors of the two incoming streams.

In the following, we prove that an analogous constraint exists
when considering the mixing process of two streams at a node
of a separation unit (cf. Figure 6). In particular, the € vector
characterizing the outgoing stream is constrained by the @
vectors of the two incoming streams.

The single component material balances at a node can be
written as follows:

yi=ayi+(1—a)yy, (B1)

where a and b are the two incoming fluid streams, p is the
outgoing stream and O0<a<1. The Q values of the outgoing
stream are the zeroes of the function:

NC g up NC b

NC
Y K.y! Kiyi
2 e S -0 D)

ZW=2xa=*2k-a K-

(B2)

i=1

whereas the two sums in the righthand side define two functions
whose zeroes are the elements of the two vectors ©° and Q°
characterizing the two incoming streams. Since both the func-
tions, as well as Z(Q), are strictly increasing with Q in the
interval [K;, K;, ] to which the values 2¢, 2’ and Q7 belong,
it can be concluded that for each i=1, ..., NC—1:

Z(min{0f, 27})<0s Z(max{Qf, 07))
(i=1,...,NC-1), (B3)

and then
min{Q?, @2} =0 =max{Q%, Q) (i=1,...,NC~1). (B4

Let us now consider the four section unit shown in Figure
6. We can see that with the only exception of the two incoming
streams (that is, Feed and Desorbent), each stream in the unit
may be regarded as derived from the others in one of the two
following ways. The constant state inside each column as well
as all the outgoing streams can be determined from the com-
position of the incoming streams, using the solution of the
single section problem outlined above. Similarly, the streams
leaving the mixing nodes (at the feed and desorbent inlets) are
determined by the two inlet streams. In both cases, using theo-
rem 1 and Eq. B4 respectively, we know that the obtained £
vectors are bounded by those of the incoming streams. Since
this applies to all streams in the unit except the Feed and
Desorbent, by recursively using this result, we can derive the
condition in Eq. 15, thus completing the proof of theorem 2.

Appendix C

The purpose of Appendix C is to prove the complete sep-
aration proposition which is stated in theorem 3. For each
section of the four section unit, theorem 3 determines the steady
constant state which is compatible with the requirement of
complete separation under robust operation. The @ values
characterizing these states and the corresponding constraints
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Figure 15. Section 1, when the constant state prevailing
inside the column is different from the fluid
state.

on the net flow rate ratios are reported in Table 1. The proof
of the theorem requires that for each section of the unit all
the possible constant states derived from the scheme in Figure
6 are determined and that their consistence with the require-
ment of complete separation under robust operation is dis-
cussed. We will see that for each section only one configuration
is consistent with all the others. The possible constant states
and the corresponding net flow rate ratio ranges are determined
according to the results summarized by Storti et al., 1989, and
reported in the general case of a NC-component system in
Appendix A.

It is worth remembering here that the operating conditions
to obtain complete separation must fulfill the requirements of
complete separation illustrated in the scheme of Figure 6. The
points corresponding to these admittable operating conditions
constitute a set in the space of the operating parameters m,,
m,, my and m,. The additional requirement of robustness im-
poses that the operating conditions are not sensitive to small
perturbations. It follows that from a mathematical point of
view the robust operating conditions are only those, corre-
sponding to the internal points of the set mentioned above,
that is, points for which a neighborhood entirely contained in
the set does exist.

Sections 1 and 4

Let us start by considering section 1. There is only one
transition between the solid state (K, Q%) and the fluid state
(K3, K.,). It is a simple wave since Q3 < K,. The only admittable
steady constant state is the fluid state, which prevails inside
the column provided that m;=K,/Kp. In fact if it were not
like this, the constant state inside the column would be char-
acterized by the pair (Kj, 2), where Q3<Q < K, (the solid state
prevails when Q=03 whereas a state across the simple wave
prevails in all the other cases). The material balance of com-
ponent A at boundary Z in Figure 15 would read:

[N (L =05+ —2 ys e}
4 K, ! 4 (1—¢)o 4

and y3, and hence 6, should be equal to zero for complete
separation to be obtained. This could happen only if y} =0,
that is, 2= K, which is a contradiction, or if m,=Q/Kp. The
latter condition leads to a contradiction too, because for the
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solid state or a state across the wave to prevail inside the column
it must be m, <Q%/(K,Kp) (the sign = holding in the case of
the state across the wave), and this upper bound is lower than
Q/Kp,.

A similar analysis can be performed on section 4, leading
to the same conclusion that the constant state consistent with
the requirement of complete separation is the solid state con-
stituted of pure desorbent and characterized by the same pair
(Kg, K,). It prevails inside the column provided that
m,=Ky/Kp.

To obtain complete separation under robust operation the
admittable ranges of the net flow rate ratios reported above,
which have been obtained by applying the Equilibrium Theory,
must be modified as follows: m,>K,/K, and m,< Kp/Kp.

Sections 2 and 3: partial results

In the case of section 2, the solid state (Q7, ©27) and the fluid
state (Kp, Q) are separated by the intermediate state (K, Q)
and they are connected by two transitions. The transition be-
tween the solid state and the intermediate state is a shock wave,
because Q) =K. The character of the transition between the
intermediate and the fluid states depends on whether Q7 is
greater than Qg or vice-versa. In order to decide this, let us
consider the situation when the state inside the column is the
intermediate one and the corresponding material balance of
component A at boundary A is Eq. 27. By using Eq. 25, the
latter equation can be written in the Q space as:

K,-9) (9] K,—Q
A em) = (m—my) 2% (C)
924 Q

Let us assume € > Q. It follows that (K, —Q3)/Q) < (K, - Qg)/
Qr and that 9J/K, must be greater than m, for the relationship
(Eq. C2) to be fulfilled. This is a condition on m, which is in
contradiction with the constraint on this parameter derived
above, namely m,>K,/K;,. On the contrary if we assume
07 < Qg, the two consistent inequalities m, > K, /K, = Q3 /K, are
obtained. It can be concluded that:

Q<O (€3)

and therefore the transition between the intermediate state and
the fluid state is a simple wave.

The behavior of section 3 is analogous. The solid state (23,
K,) and the fluid state (Q%, Qf) are separated by the inter-
mediate state (Q’f , K) and they are connected by two transi-
tions. The transition between the intermediate state and the
fluid state is a shock wave, because K,=0f. Furthermore it
can be demonstrated as well as for section 2 that:

Q<0< (&)}

and therefore that the transition between the solid state and
the intermediate state is a simple wave.

The net flow rate of the ith component in the jth section is
proportional to the quantity f/, given by f/=m,y~6/. The
requirement of complete separation imposes that the net flow
rate of component B in section 2 be positive and that the net
flow rate of component A in section 3 be negative. By using
Eqs. 12, for component B in section 2 it can be writtgn;
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Figure 16. Sections 1 and 2, when the constant state
prevailing inside section 2 is the fluid state.

. C5
KK, (C5)

202

fimsi(m- 5F)
It follows that the steady constant state cannot be the solid
state, characterized by the pair (2, Q7). In fact m, <Q7Q}/
(K 4Kp) for the solid state to prevail inside the column, and if
this condition held true, /2 would be <0, so contradicting the
above requirement. A similar reasoning can be followed to
demonstrate that the steady constant state inside section 3
cannot be the fluid state (2%, ©%). In fact in this case—obtained
with m;=QPQ8/(KzKp) — f° for component A in section 3 is
given by

303

3 _ 3 1843

= m;— R C6)
fA yA< 3 E{ ﬁ: > (

hence it would be =0.

The other two extreme cases too can be discarded as possible
steady constant states. If the steady constant state inside section
2 is the fluid state, m, must be = (Qz)*/ (K4Kp). From theorem
1 it follows that the outgoing adsorbed state is also (K, Qg).
The easiest way to demonstrate that this is not acceptable is
to consider also section 1 and to show that the upper range
regime in section 1 is not compatible with the configuration
under examination. Let us write the material balance of com-
ponent A at boundary H with reference to Figure 16. We
obtain:

yﬁzﬂllepyfi"'(l _ep)aoﬁlv (C7)

from which the condition m, = Qz/K}, is derived, which is not
compatible with the regime imposed to section 1 in order to
obtain complete separation. In the same way, it can be shown
that in section 3 the solid state cannot be the one prevailing
after the completion of the transient.

Sections 2 and 3: complete results

We are left with the problem of finding out the states pre-
vailing inside sections 2 and 3 after the completion of the
transient. In particular, we must determine the value of €, in
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section 2 and the value of @, in section 3. In order to do this,
we must analyze the structure of the system of equations which
can be written to determine the unknown Q values. They are
the same 12 equations written in section 5 (Egs. 19 to 30),
together with the material balance of component 4 at boundary
B and that of component B at boundary C, necessary to de-
termine Q2 and 0F. Let us transform the obtained system as
follows:

® Use Eqs. 19to 22 to eliminate the external mass-flow rates.

® Include Egs. 35 and 36 instead of Eqs. 27 and 28.

e Leave out Eqs. 23 to 26, which are necessary only to
calculate Qz, 93, Q. and Q3, and not to determine the other
unknowns of the system.

¢ Use Egs. 12 to write the system in terms of the relevant
Q values.

So doing, we obtain the following system written for conven-
ience in implicit form (the indices i and k of the function g;
mean that the corresponding equation is the material balance
of component i at boundary k; and the semicolon separates
the unknowns from the parameters within the list of arguments
of each function):

844(Q3; my, ms, Q=0

gBB(Qtlx’ (2!’ Q‘lys Q’Zy; m2) =0

gAB(Qtlxy 121’ Q‘lyv 9‘27’ Qg, m2) =O

gsp(Q3; my, my, Q) =0
gAC(QlIB, an Q?y QZ; m3)=0

gBC(QKla’ Qg) Q’]Y’ Qg: Q?) m3)=0' (C8)

These are six equations in eight unknowns, to which the two
relationships that make it possible to determine the steady
constant state inside sections 2 and 3 from the net flow rate
ratios m, and m; and the composition of the two incoming
streams must be added. They can be written as:

Q%=F2(Q;’a QF; my, my, 25, (C9)

Q¥=F1(Ql?, Qf; my, my, Qp), (C10)

where F, and F, depend on Q, m, and m, through Q. and Q3,
respectively. The functions g; are differentiable functions over
the entire domain of interest, whereas F, and F, are not. In
fact they are well defined operators which carry with them all
the information we need about the solution of the single section
differential problem.

If the steady constant states inside the columns are the in-
termediate ones, then 03=Q7 and Q} = Q% and the net flow rate
ratios must fulfill the relevant constraints Q7Q23/
(K.Kp)=m,<(23)/(K4Kp) and (25)*/(KzKp)=m, <0705/
(K;Kp). If we substitute the values for Q% and Q3 in the system
of Egs. C8, we obtain a system of six equations and six un-
knowns which can be shown to have one and only one solution.
It follows that the intermediate states are admittable states for
complete separation to be obtained.

Now let us consider the case when a state across the simple
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Figure 17. Region of complete separationin the m,— m,
plane, including the points which are on the
boundary of it.

wave between the intermediate and the fluid states or the in-
termediate and the solid state prevails inside section 2 or 3,
respectively. In this case the operators F, and F, become con-
tinuous functions, namely Q3=F,(my)=+K,Kpm, and
@} =F,(m,) =+ KzKpm;,. If we substitute these relationships
into the equations g,,=0 and gz,=0, we obtain two rela-
tionships between m, and m;, which constitute a pair of con-
straints on the operating parameters. In particular the equation
844 =0 implies that m, and m; be such that Eq. 67 holds true,
whereas the equation gg,=0 implies that Eq. 68 is fulfilled.
It can be easily shown that these two curves do not intersect,
hence only one out of the two conditions can be valid. It follows
that if a state across the simple wave prevails in section 2 or
3, the intermediate state must prevail in the other section. Then
one of the two equations g,,=0 and gz,=0 becomes a rela-
tionship between m, and m, and does not belong to the system
any more. The remaining five equations in six unknowns have
infinite solutions, that is, one of the six unknowns can be
chosen arbitrarily and the other five unknowns are obtained
in terms of the first one. It can be demonstrated through an
analysis along the lines of what is done in the sixth section
that a subset of them fulfill all the constraints on m, and m,
implied by the configuration of the four section unit under
examination. Nevertheless, as shown in Figure 17, all these
operating conditions correspond to points on the boundary of
the complete separation set, that is, not internal points, hence
they are not admittable as operating conditions to obtain com-
plete separation under robust operation.

It follows that the only steady constant states in sections 2
and 3 consistent with the design requirement of complete sep-
aration are the intermediate states with constraints on the net
flow rate ratios m, and m, as given in Table 1, to account for
the requirement of robust operation. This completes the proof
of theorem 1.
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Appendix D
Optimal operating conditions

By summing up the two inequalities in Eqs. 60 and 61, it is
readily seen that a necessary condition for complete separation
is that b,=b,, which using Eqs. 14, 39 and 40 yields:

Ky~ K3
K. Ky

(my—my) < Q. (D))

This inequality, together with the constraint in Eq. 64
(my—m,)>0, defines a band-shaped domain in the m,—m,
plane. Since the optimal operating conditions correspond to
maximum m; and minimum m,, which implies that the dif-
ference (m; — m;) should be maximum, it follows that the op-
timal point belongs to the straight line of equation b,=b,,
which corresponds to the situation where the right- and left-
hand sides of the inequality in Eq. D1 are equal.

By substituting b,=b, in Eqgs. 60 and 61, it is found that at
the optimal point also ¢;=¢; must hold true, thus yielding:

K
my= 7<£ m,. (D2)
B

Using Egs. D1 and D2 the coordinates of the optimal point
are the following: m,=Q:/K, and m;=Q./Kp. It is worth no-
ticing that, when the flow rate ratios are set at their optimal
values, the adsorbed phase between sections 2 and 3 is at
equilibrium with the feed stream. Accordingly the two streams
share the same values of the @ parameters, that is, Oz and K.

Region of complete separation

The five constraints given by Egs. 60 to 64 determine the
region of complete separation in the m,—m; plane. In the
following, we further elaborate these conditions in order to
identify the exact boundaries of such a region. The first one
derives directly from the condition in Eq. 64 and corresponds
to the straight line m;=m,.

Now, let us consider Eqs. 62 and 63, which impose that the
roots of Eqs. 38 and 37 be real. These can be written as:
16,1 =2+/c,and 15,1 = 2+/c,. Recalling that b, >0 for any choice
of m, and m, and b, = b,, the modules in the above inequalities
can be dropped, thus leading, through Egs. 39 to 42 to the
following constraints on the values of m, and m;:

(VK- VKpm,)?

my<m,+ , D3

T YR(Ka—Kp) ®3)
/K - [ 2

,,,2>,,,3_(_B____KDL3), (DY)

¥5(Kp—Ksp)

It can be readily seen that the curves corresponding to the
boundaries of the above inequalities are tangent to the straight
line my=m, in the points A and B respectively, as defined by
Eqgs. 70 and 71. Moreover, the curves defined by Eqs. D3 and
D4 go through the points Q and R defined by Eqgs. 75 and 76,
respectively. On the other hand, the coordinates of the optimal
point W, given by Eq. 73, satisfy both inequalities. The bound-

March 1993 Vol. 39, No. 3 491



2 .
1.5+ yV .
00 0:5 1 1:5 2

my

Figure 18. Construction of the complete separation re-
gion in the m, — m, plane by applying the con-
ditions in Eqgs. 60 to 64: — Eq. D4, —— Eq.
D7, — - — Eq. D6.

aries defined by Eqs. D3 and D4, together with the straight
line m;=m,, are shown in Figure 17, where it can be seen that
they do not identify a closed region. We should then proceed
to consider the remaining conditions in Egs. 60 and 61.

The condition in Eq. 60 can be rewritten as follows:

(b2_bl)Vb%_4cl?~bl(b2'—bl)+2(Cl"c2)' (D5)

This inequality is surely fulfilled in the region of m, and m,
values where the righthand side is negative. Such a region is
bounded by the following quadratic curve:

[Kpm; + K~ y3(Kp— K3) (M3~ m,)]

KK,
X [KA—KB— e
Qr

(m;— mz)]

+2KD(KBm3"‘KAm2) =0. (D6)
It is readily seen that this curve goes through the optimal point
W, as well as through the points B and R (or S) defined by
Eqgs. 71 and 76 (or 77), respectively.

In the case where Qr<K), using the operating conditions
corresponding to the point R it can be seen that the root of
Eq. 37 is given by QF = Q. Similarly, in the case where Qx> K,
considering point S leads to QF = K. Thus, in general we can
state that for the operating conditions corresponding to the

point where the curves defined by Eqs. D4 and D6 intersect
(that is, R or S), we have F =min{Qf, K}, which is the same
value corresponding to the optimal point, as mentioned above.

Thus summarizing, with reference to Figure 18, we have so
far obtained the following results:

Below Point R or S. 'The separation region is on the right-
hand side of curve BR given by Eq. D4.

Above Point R or S. On the righthand side of the curve
RW given by Eq. D6 complete separation is achieved. On the
lefthand side of this curve, the righthand side of Eq. DS is
positive but nevertheless it can be smaller than the lefthand
side of the same equation, which vanishes on the curve defined
by Eq. D4. It follows that there must be another curve which
is the boundary of the complete separation region and must
pass through points W and R (or S). Its equation is given by
Eq. D5, with the operator = instead of the operator =. In
other words, if a value of m; between point R (or S) and point
W is fixed, for the corresponding point on the curve defined
by Eq. D4 the inequality in Eq. D5 is not fulfilled because the
lefthand side is zero, whereas the righthand side is positive.
On the contrary, in the point with the same m, value but on
the curve defined by Eq. D6 the inequality in Eq. D5 holds
true, since the lefthand side is positive and the righthand side
is zero. For continuity there must be a value of m, for which
the left- and the righthand sides of Eq. D5 are equal. The
points sharing this property when m; goes from its value in
point R (or S) to the one in point W form the broken line RW
shown in Figure 18.

Since in the points R or § QF has the same value as in the
optimal point, corresponding to the maximum admittable value
for Q, according to theorem 2, we conjecture that the equation
of the boundary that we are looking for is given by the rela-
tionship QF = min {9, K,}. We obtain:

When Q<K
Ky(Kp—Kp)my+ Kp(K4— Kp)m; =Qe(K,— Kp); (D7)

When Qz>Kp:
yEm,+yim,=1. (D8)

Through straightforward but tedious algebra it can be shown
that both the curves fulfill the equality in Eq. D5 and that
they are tangent to the curve defined by Eq. D4 in point R
and in point S, respectively.

A similar analysis can be performed using the condition in
Eq. 61 to derive the remaining portion of the complete sep-
aration region boundaries, that is, the lines WT, WQ, QA and
TA, whose expressions are reported by Eqgs. 65 to 67.
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